Supplementary material (Ytreberg and Zuckerman)

Here we attempt to make precise the approximatiwende in applying black-box re-
weighting (BBRW) when the observed den$if{®is estimated using a subset of the full
set of coordinates. Note that, if the densitysisneated using all coordinates, then no
approximation is made in the sense that the fir@agjlats will be exact in a suitable limit
—e.g., dense sampling, even if biased, when ustagest-neighbor distances. As will be
implicit in the discussion below, a subsetoflectivecoordinates may also be used so
long as they reproduce the density correspondinige@artesian-measurex{ dy, dz

dx dy, dz ...). We also suggest that avenues for systematicomement of our work

are possible.

We will assume that the desired distributiBnjs given by the Boltzmann distribution,
i.e., P(r)Oexp -BU(r)], wherer is the full set of coordinates.

Density estimation using a subset of coordinatesbeaunderstood in the context of a
potential of mean force (PMF). Specifically, wdlwirite the PMF in terms a subset of
coordinatesR, deduced from the full set of coordinates (R, X). Presumablyr
constitutes the most important, or the set of “Slowordinates, but such an assumption is
not formally necessary. We consider a slightly ified PMF to emphasize the

integrals and their dimensionalty, as reflectetkiifective configuration-space volumes,”
Vv,

The Boltzmann factor of the PMF, as usual, givespgitobability density of non-
integrated coordinate&( in this case), and one has

p(R) D [ dx e = yr g/ [S1]

We are using lower-cagefor probability here to draw attention to the reedicet of
coordinates in the argument. The volumetric fagfBwith dimensions ok is a constant

for all R. Below we will use Eg. [S1] to determine the mataf the approximations
associated with the two strategies employed irpper: binning and nearest-neighbors.

When the observed density has been estimated mredueedR space, one requires a
modified version of the fundamental black-box rielat(Eg. [1] in the paper).
Specifically, for a configuratiop i.e., R;, Xj), one has

p(R))

obs '
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To see that this expression is correct, assumaitieanfigurations have been generated
(i.e., are “observed”) in an small volumR @round the poinR;. Then, we estimate
p"bs(Rj): n, /dR for each configuration in that volume. Furthée PMF is

Wi ( j)= [S2]

approximately constant over the volume am(tR) = p(Rj) for all the configurations.

Therefore each weighty?®, is approximately constant within the volun.dNow
consider the total weight in the volume; this is sum over alfy of theW’” values which



leads to the cancellation of The total weight in the volume is therefore pdjonal to
p(R;), as demanded by statistical mechanics. Notewtbdtave assumed the limiting
case of dense sampling, which is the correct ianichecking the mathematics. The use
of the PMF in the numerator implies that weightdeied depend, in principle, on the
excluded coordinates

Because Eq. [S2] is a formally exact expressioshauld be used regardless of whether
density estimation (iR space) is performed based on binning, nearest n@ighor

some other method. Further the motivation for ggheR-space relation is identical to
that presented in the paper: Reoordinates wilhotbe assumed to be distributed
properly, and therefore BBRW will be used to ded{iee, to correct) the distribution
overR.

Here we want to understand the precise natureecdpiproximations made in the paper —
i.e., those made by using regular Boltzmann fadgtoEsy. [S2] (i.e., by

assuming( j) = P(j) =exp[—,8U (j):') rather than Boltzmann factors of the PMF, as
required by substituting Eq. [S1] in [S2].

Approximation used in estimating density by binronga subset of coordinates
First, how much weight should be assigned to arbR space, based on the exact PMF
formalism? The weight should be proportional te ithtegral of Eq. [S1] over the
volume of bini, which yields the local partition function, namely,
z = J‘ CRI &k e—ﬁU(R,x) = \?f J‘ ® éﬁPMRR). [S3]
bini bini

Equation [S3] gives the total weight in a bin ustug exact PMF formalism.

We now describe the approximation used in the papdrinning (Eq. [5]) by

considering the total amount of weight assignea ¢iven bin by the BBRW procedure.
(Note that, ultimately, the sum of these bin totlgermines the weight of the whole state
and the associated relative free energy.) If astitutes (in the paper) Eqg. [5] into Eq.

[1] and sums over all weights in a given biit is seen that the total weight is ju_$1; the
average Boltzmann factor for configurations inltie Therefore, as stated in the paper,
the approximation for the binning approach is th& assumed proportional 1® .

Such an estimate based solely on Boltzmann fadtwes not account for the entropy
within a bin (although it is critical to note that BBRWtamatically accounts for entropy
in R space). While this may be a poor approximatigrirfdividual R values, our results
suggest it may be quite reasonable when many agatigns are averaged over to
produce a free-energy difference estimate for wgd states. That is, the average
entropy in a well-chosen set of fast coordinateg bequite similar from one state to
another. Nevertheless, we believe that includiggldcal entropy in the fast coordinates
is important for the future, and can be handlegkasched below in the ‘cleaner
formalism.’

Approximation used in the nearest-neighbstrategy.




When density is estimated by distances to neahbers, as in Eg. [6] of the paper, the
net result is quite similar to that for the binnimgproach. In essence, Boltzmann factors
are again averaged, instead of a rigorous estimafithe PMF. This can be seen by
considering a small volume R space. As above, the observed density estimalidsew
similar for each structure, but the numerators @f[52] are approximated by ordinary
Boltzmann factors of the potenti&l, Hence the total weight in such a volume will be
approximately equal to the average Boltzmann faatorearby structures. The
fundamental similarity to the binning case sugg#ss entropy in the fast coordinates is
not properly accounted for in the nearest-neighbtegegy..

Thus, for both the nearest-neighbors and binnirajeggies, the approximation made is
that the local partition function is given %y, rather than by Eq. [S3]. Qualitatively,
variations in local entropy are ignored.

A cleaner formalism for future work.

A difficulty of the approximations described abasehat there is no obvious way to
improve them systematically. We therefore descailséghtly different approach, which
employs the Boltzmann factor of the average en@gypposed to the average
Boltzmann factor). Here we make the reasonablen@son that configurations can be
properly sampletbcally — i.e., that local canonical averages can be astidnin the usual
way by averaging over configurations without anydkof weighting.

Consider re-writing the basic PMF relation [S1]dgparating off the locally averaged
energy:

Ve e PR = [k @) = g (R) @M [S4]
This definesanR-dependent effective volume inspace v:" (R) . However, because
the average energy has been separated off in B@rgay, and also because the PMF is a
free energy, the local entrop$, (R) can be defined via the relatiod” (R) 0 €)%
Equation [S4] suggests two approximation schemyestydely ignore the local entropy
by assumingv:" (R) = consl, and hence estimate the PMF by the average eramgy;

(if) employ an estimator fof, (R) based on the local ensemble.

We anticipate scheme (ii) will work particularly Wi “fast” coordinatesx are chosen on
an automated basis — i.e., via principal-componengssimilar analysis. Further, we
have already tried scheme (i) with binning, andatks well, but in a smaller region of
bin sizes than the average Boltzmann factor approgmorted in the paper.



